We study the deterministic control problem of maximizing utility from consumption of an agent who seeks to optimally allocate his wealth between consumption and investment in a nancial asset subject to taxes on bene ts with rst-in-rst-out priority rule on sales. Short sales are prohibitted and consumption is restricted to be nonnegative. Such a problem has been introduced in a previous paper by the same authors where the rst order conditions have been derived. In this paper, we establish an existence result for this non-classical optimal control problem.
Introduction
The simplest consumption-investment problem can beformulated as follows; see e.g. Ando and Modigliani 1963. There is an economic agent with preferences described by a utility function function Uc = R T 0 ut; ctdt, where c is the consumption path in the time interval 0; T . The agent has an income function ! de ned on 0; T . The nancial market consists of one asset with price function S. At each time t, the agent receives an income !t, rebalances his portfolio by buying or selling some nancial assets and spends the rest for consumption.
In this paper, we study the case where the portfolio rebalancement i n volves the payment of taxes on bene ts. Then, the purchasing time of the asset to besold has to berecorded in order to compute the amount of tax to be paid. Also, the sales may be submit to some priority rule imposed by the tax administration. Rockafellar 1991, 1995 studied the problem of hedging and utility maximization in a deterministic and nite discrete-time model, without priority rule on the sales.
Instead, we consider a deterministic continuous-time model. Notice that Dermody and Rockafellar's framework is not enbedded in our formulation, since our portfolio strategies are supposed to be absolutely continuous with repect to the Lebesgue measure. In addition to the no-short-selling constraint, our model assumes that sales are subject to the st-inrst-out priority rule on sales. The agent's problem turns out to bea nonclassical optimal control problem with endogenous delay and with a complex nonnegativity constraint on consumption. In particular, we do not know w ether the function to be maximized is convex in the control variables.
Such a problem has been introduced by Jouini, Koehl and Touzi 1999. In the latter paper, we have derived the rst order conditions of the problem as well as the following economically appealing result : an optimal strategy if it exists can always bechosen such that the agent never sells out from his portfolio and buys new nancial assets simultaneously. Such a surprisingly di cult result allows to simplify the non-negativity constraint on consumption and provides an L p bound on purchases p 1 and an L 1 bound on sales. We exploit these bounds in order to establish an existence result without appealing to convexity of the function to be maximized.
Before closing this introductory section let us relate our problem to the classical optimal investment problem without taxes. In the latter problem, the existence result follows easily from the fact that the objective function is continuous, and the budget set is compact. In our problem, the budget set may beidenti ed to a subset of the previous compact budget set. Nevertheless, the constraints induced by the rst-in-rst-out priority rule on sales involves the delay function, and therefore the whole past of the portfolio strategy. In this setting, closedness of the budget set is far from being straightforward, as one can see from the precise problem formulation of the next section. This is the reason why our existence result relies on extremely demanding tools from functional analysis.
The paper is organized as follows. Section 2 provides a precise description of the model and recalls some basic results from Jouini, Koehl and Touzi 1999. The existence result for the optimal control problem with endogenous delay is reported in section 3. 
Taxation rule
Following Jouini, Koehl and Touzi 1999, we assume that sales are subject to taxes on bene ts 1 . More precisely, we shall consider the usual rst-in-rst-out rule according to which any bond sold at some time t should be the oldest one in the time t portfolio. We i n troduce the set = ft; u 2 IR 2 : 0 u t Tg. Fix some t; u i n . For each monetary unit invested at time u and sold out at time t, we denote by 't; u the after tax amount received at time t, i.e. the amount o f t a x paid by the investor is St Su , 't; u:
The after tax return function ' de ned on is assumed to satisfy the following standing conditions. holds. Condition 2.3 says that sales must not exceed purchases at any time. Given a trading strategy x; y, we de ne the delay function x;y by :
x;y t = sup s 2 0; t : In the sequel, we shall write for x;y for notational simplicity. As de ned, is nondecreasing and whenever R t 0 ysds 0, t is the purchasing date of the oldest asset in the portfolio. If R t 0 xsds = R t 0 ysds = 0 no market participation up to time t a.e., then s = s for all s 2 0; t . Furthermore, from the no short sales constraint 2.3, we have 0 = 0 t t; 0 t T :
We recall the following properties from Jouini, Koehl and Touzi 1999. iii for all t 2 0; T , R t t , xsds = 0. Part i of the above lemma states that delay function are non-decreasing rightcontinuous functions, as a direct consequence of its de nition through some strategy x; y. Part ii provides an economic interpretation of . Namely, loosely speaking, the cumulated sales at time t correspond to the cumulated pursahed shares at time t. Finally, iii says that the jumps of the delay function are located in the regions of positive measures with no investment in the bond. This is a natural property of which expected from its de nition.
In this paper, we need the extend part ii of the last lemma by replacing the interval 0; t by any Borel subset A of B 0; T . The following result says that we have a similar result : the sales of A correspond to purshases at corresponding dates in A. A i i0 bea sequence of non-intersecting sets of B 0; T . Then, for all n, we have :
x;y A i g :
By the dominated convergence Theorem, this provides :
In order to have equality, w e h a ve to prove equality in 2.5. To see this, it su ces to prove that x;y A i x;y A j = 0 for i 6 = j;
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where is the Lebesgue measure on B 0; T . To prove 2.6, let = x;y t i = x;y t j with t i ; t j 2 A i A j . Then since A i A j = ;, w e can assume t i t j . Since is nondecreasing, we must have x;y t i ; t j = f g and x;y ,1 f g has a nonempty interior. Now, it is clear that there is at most a countable number of non-intersecting intervals with nonempty interior and therefore a countable numberof such 's.
ii From Lemma 2.1 ii, we h a ve 
The Agent's Problem
At each time t 2 0; T , the agent is endowed with an income rate !t in units of the consumption good. Here ! is a given positive continuous function on 0; T . Then, given a trading strategy x; y, the agent's consumption rate function is given by : c x;y t = !t , xtSt + ytft; x;y t; 0 t T :
Therefore, a trading strategy x; y is said to be admissible if the induced consumption rate function is nonnegative. We shall denote by A the set of all admissible trading strategies, Remark 2.2 From condition 2.9, the utility function U is bounded from below by some constant and, therefore, function x; y is well-de ned for all x; y 2 A and takes values in IR f +1g.
We n o w recall the basic result of Jouini, Koehl and Touzi 1999 which allows to simplify the nonnegativity constraint on consumption.
Theorem 2.1 Let x; y be some admissible strategy in A. Then, there exists an admissible strategy x;ỹ 2 A such that c x;y c~x ;ỹ and :
xt yt = 0 0 t T a.e.
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An important consequence of the last Theorem is that the set of admissible strategies in the optimization problem 2.11 can berestricted to the set A 0 de ned by : A 0 = fx; y 2 A : xtyt = 0 ; 0 t T a.e.g in the sense that The last condition together with the no short sales condition 2.3 provide the following result.
Lemma 2.3 sup x;y2A x; y = sup x;y2A 0 x; y 1.
Proof. Since U is nonincreasing in t and concave in c, w e see that Remark 3.1 By Theorem 2.1, the solution x ; y m a y b e c hosen in A 0 . We h a ve then an existence result in A 0 . Let x n ; y n n2IN a maximizing sequence of trading strategies in A 0 , i.e. x n ; y n 2 A 0 and lim n!1 x n ; y n = sup x;y2A x; y: Lemma 3.1 Let p be an arbitrary value in 1; 1. For all n, there exist coe cients n k kn , with n k 0 and where x S !, y 2 L 1 and x n ;ŷ n 2 A for all n. Proof. the fact that the sequence x n ;ŷ n 2 A follows from Lemma 2.4. We now prove the convergence result. Since x n ; y n 2 A 0 for all n, the sequence x n n is bounded in L 1 and therefore in L p for all p 1 with x S !. Then there exists a subsequence of x n n which converges weakly in L p to some x 2 L p . By Mazur's Lemma there exists a convex combination of fx k , k ng converging towards x in L p ; see e.g. Dellacherie and Meyer 1975 . Hence there exist coe cients n k with n k 0 and P kn n k = 1 such that
Notice that, since x n S ! for each n, we have x S !. Next notice that, from the no 
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We now recall an important notion of convergence which will beused for the sequence of delay functions. Let f and g betwo nondecreasing right-continuous functions de ned on 0; T . The Levy distance f;g is de ned by :
f;g := inf f" 0 : ft , " , " gt ft + " + " for t 2 0; T g :
In words, f;g is the shortest distance between the graph of f and the graph of g along lines in the direction of the second diagonal spanned by ,1; 1.
Lemma 3.2 There exists a nondecreasing right-continuous function such that n := xn;yn ,! and n := ^x n ;ŷn ,! in the sense of the Levy metric, possibly along some subsequence.
Proof. We refer to Lemma 3.7 of Jouini, Koehl and Touzi 1999 for the existence of as the limit in the sense of the Levy metric of the sequence n n ; this result is in fact a consequence of the Prohorov Theorem, see Billingsley 1968 p37 . To see that n n also converges to in the sense of the Levy metric, notice that : Using the last inequality, it is easily checked that n n converges to in the sense of the Levy metric.
In our problem, we do not know wether function x; y to be maximized is convex. Therefore, we can not deduce immediately that x n ;ŷ n is a maximizing sequence. We now establish the latter result without appealing to convexity of . Lemma 3.3 The sequence x n ;ŷ n n2IN is a maximizing sequence, i.e. lim n!1 x n ;ŷ n = sup x;y2A x; y:
Proof. Fix some " 0. From the uniform continuity of the function ft; u, there exists some " 0 such that jt , t 0 j + ju , u 0 j " = jft; u , ft 0 ; u 0 j " 3.1 for all t; u and t 0 ; u 0 in . De ne := min"; " . From the Levy convergence of n n and n n towards see Lemma 3.2, there exists some N 2 IN such that n t t , =2 , =2 k t , , ; for all k n N and t 2 0; T :
From the last inequality and the increase of function ft; : see 2.2, it follows that : x n ;ŷ n = which proves 3.2. We then get : x n ;ŷ n X kn n k x k ; y k , "Ak!=Sk 1 1 + C which provides : lim inf n!1 x n ;ŷ n lim n!1 x n ; y n = sup x;y2A
x; y:
Since x n ;ŷ n 2 A see Lemma 3.1, this proves that x n ;ŷ n n is a maximizing sequence.
Remark 3.2 This proof is the only place where we need condition 2.9 ensuring that Ut; c where n := xn; yn . By Lemma 2.2, it is clear that we have n := ~x n ;ỹn = n . Now, recall that x n ; y n 2 A 0 and therefore x n y n = 0 a.e. and A n A f x 0g = ;. Therefore : x n ;ỹ n , Using the concavity of Ut; : and the fact that ! 0 and S 1, we see that : x n ;ỹ n , where the last inequality which is in fact an equality follows from the change of variable formula for Lebesgue integrals, see Lemma 2.2. Now, x some " 0. Since x n ; y n n is a maximizing sequence, we must have for n su ciently large x n ;ỹ n , n udu for all t 2 0; T 2 The L 1 convergence result of ŷ n n can also be obtained as follows. From the uniform integrability o f the maximizing sequence y n n , it follows that, after passing to a subsequence, y n n converges to some y 2 L 1 in the sense of the weak topology L 1 ; L 1 , see e.g. Theorem 25 Dunford-Pettis compactness criterion p43 of Dellacherie and Meyer 1975 . Then Mazur's Lemma ensures the existence of a sequencê y n 2 convy k ; k n which converges in L 1 to y . with ^x n ;ŷn n converging towards in the sense of the Levy metric, see Lemma 3.2. Fix some " 0, then, by de nition of the Levy convergence, we have for su ciently large n : where U:; c^x n ;ŷn : converges a.e. towards U:; c x ;y : by 3.8 and 3.9. Notice that c^x n ;ŷn t !t + y n tkfk 1 :
The last inequality proves that the sequence c^x n ;ŷn inherits the uniform integrability property from y n n and therefore the sequence U:; c^x n ;ŷn : n is uniformly integrable by Lemma 3.5. This implies that U:; c^x n ;ŷn : converges to U:; c x ;y : in the sense of L 1 and therefore we obtain from 3.10 : sup x;y2A
x; y = x ; y ; which ends the proof of the existence theorem.
